MASSEY PRODUCTS IN GRADED LIE ALGEBRA 

COHOMOLOGY 

DMITRI MILLIONSCHIKOV 

Abstract. We discuss Massey products in a N-graded Lie algebra 
cohomology. One of the main examples is so-called "positive part" 
L\ of the Witt algebra W. Buchstaber conjectured that H*(L\) is 
generated with respect to non-trivial Massey products by 
Feigin, Fuchs and Retakh represented H*(Li) by trivial Massey 
products and the second part of the Buchstaber conjecture is still 
open. We consider an associated graded algebra mo of L\ with 
respect to the filtration by the its descending central series and 
prove that -£f*(mo) is generated with respect to non-trivial Massey 
products by 7? 1 (mo). 



Introduction 

In the last thirty years Massey products in cohomology have found a 
lot of interesting applications in topology and geometry. The existence 
of non-trivial Massey products in H*(M,M.) is an obstruction for a 
manifold M to be Kahler Kahler manifolds are formal [Sj, i.e. their real 
homotopy types are completely determined by their real cohomology 
algebras. In their turn formal spaces have trivial Massey products. 

An important feature of Massey products is the following: a blow-up 
of a symplectic manifold M along its submanifold iV inherits non-trivial 
Massey products from M to N [3]. This idea was used by McDuff [18 
in her construction of simply connected symplectic manifold with no 
Kahler structures. The Massey products and examples of symplectic 
manifolds with no Kahler structures was the subject in [7j. Babenko 
and Taimanov considered an interesting family of symplectic nilmani- 
folds related to graded finite-dimensional quotients of a "positive part" 
Li of the Witt algebra W. Applying the symplectic blow-up procedure 
they constructed examples of simply connected non-formal symplectic 
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manifolds in dimensions > 10 2j. In fact it is possible to use an- 
other graded Lie algebra m instead of Li [201 ■ A few time ago an 
8-dimensional example was constructed by Fernandez and Munoz jTJJ 
using another techniques. 

An initial data of almost all examples of non-formal symplectic mani- 
folds are nilmanifolds related to positively graded Lie algebras and some 
non-trivial triple Massey products in their cohomology. The present 
article is devoted to the study of n-fold calssical Massey products in 
the cohomology of N-graded Lie algebras. Although we started our 
introduction with finite-dimensional examples related to some nilman- 
ifolds we will focuss our attention to two infinite dimensional N-graded 
Lie algebras L\ and its associated graded (with respect to the filtra- 
tion by the ideals C k L\ of the descending central series) Lie algebra 
gr c Li = mo- The reason of this interest comes from the relation of the 
algebra L\ to the Landweber-Novikov algebra in the complex cobor- 
disms theory that was discovered by Buchstaber and Shokurov in 70-th 
[5]. In that time the algebra L\ attracted a lot of researchers ^3] and 
the computation of its cohomology by Goncharova ^3] is one of the 
most technicaly complicated results in homology algebra. 

The cohomology algebra H*(L{) has a trivial multiplication. Buch- 
staber conjectured that the algebra H*(Li) is generated with respect 
to the Massey products by if 1 (Li), moreover all corresponding Massey 
products can be chosen non-trivial. The first part of Buchstaber's 
conjecture was proved by Feigin, Fuchs and Retakh [TU]. But they 
represented the cohomology classes from H*(Li) by means of trivial 
Massey products. Twelve years later Artel'nykh represented some of 
Goncharova's cocycles by non-trivial Massey products, but his brief 
article does not contain the proofs. Thus one may conclude that the 
original Buchstaber conjecture is still open. 

We recall the necessary information on the cohomology of graded Lie 
algebras in the first Section and study two main examples H*(L\) [Tl] 
and if* (mo) [J2] i n the Section |2] In the Section El we present May's 
approach to the definition of Massey products, his notion of formal 
connection developped by Babenko and Taimanov in [3] for Lie alge- 
bras, we introduce also the notion of equivalent Massey products. The 
analogy with the classical Maurer-Cartan equation is especially trans- 
parent in the case of Massey products of 1-dimensional cohomology 
classes (u>i, . . . ,u n ). The relation of this special case to the represen- 
tations theory was discovered in [TU], [UJ. We discuss it in the Section 
|H Following [TU] we consider Massey products (ui, . . . ,u n ,Q), where 
Ui,...,u n are closed 1-forms and Q is a closed g-form. These Massey 
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products are related to the differentials of Feigin-Fuchs spectral se- 
quence [TUj . 

The main result of the present article is the Theorem 15.71 stating 
that the cohomology algebra if* (mo) is generated with respect to the 
non-trivial Massey products by if 1 (mo). Another important result is 
the Theorem 15.51 that contains a list of equivalency classes of trival 
Massey products of 1-cohomology classes. We show that it is related to 
Benoist's classification j3] of indecomposable finite-dimensional thread 
modules over the Lie algebra m . 

1. Cohomology of N-graded Lie algebras 

Let g be a Lie algebra over K and p : g — > gl(V) its linear represen- 
tation (or in other words V is a g-module). We denote by C q (g, V) the 
space of g-linear skew-symmetric mappings of g into V. Then one can 
consider an algebraic complex: 

V C\g,V) -^-> C 2 (g,V) ... d(g,V) -^-> ... 

where the differential d q is defined by: 

(1) 

9+1 

(d q f)(X 1} . . . , X q+1 ) = ^(-l) i+1 pM(/(Xi, v, X q+1 ))+ 

1=1 

+ (-i) i+i_1 /([^, x& ,v, V, V, X q+1 ). 

i<*<i<g+i 

The cohomology of the complex (C*(g,V),d) is called the coho- 
mology of the Lie algebra g with coefficients in the representation 
P : - V. 

The cohomology of (C*(g, K),d) (V = K and p : g — > K is trivial) is 
called the cohomology with trivial coefficients of the Lie algebra g and 
is denoted by H*(g). 

One can remark that d l : C^&K) -> C 2 (g,K) of the (C*(g,K),d) 
is the dual mapping to the Lie bracket [ , ] : A 2 g — > g. Moreover the 
condition d 2 = is equivalent to the Jacobi identity for [, ]. 

Definition 1.1. A Lie algebra g is called N-graded, if it is decomposed 
to the direct sum of subspaces such that 

g = ©ifli, i e N, fe, 0j] c J+i , Vi, j e N. 
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Example 1.2. The Lie algebra mo is defined by its infinite basis 
e±, e 2 , . . . , e n , . . . with commutator relations: 

[ei,ej] = e i+ i, V i > 2. 

The algebra mo has an infinite number of N-gradings: 

m = ©ieNmoi, m i = Span(e u e 2 , . . . , e k ), m 0i = Span{e i+k _i) , i > 2. 

Remark. We always omit the trivial commutator relations [e*, e^] = 
in the definitions of Lie algebras. 

Example 1.3. Let us recall that the Witt algebra W is spanned by 
differential operators on the real line K 1 with a fixed coordinate x 

e-i = xl+l -^' i G Z > t e *' e 3\ = U ~ iYi+ji v h j e Z. 

We denote by Li a positive part of the Witt algebra, i.e. Li is a 
subalgebra of W spanned by all e^, % > 1. 

Obviously is a Z-graded Lie algebra with one- dimensional homo- 
geneous components: 

W = ® i& Wi, Wi = Span{ei). 

Thus L\ is a N-graded Lie algebra. 

Let g be a Lie algebra. The ideals C k Q of the descending central 
sequence define a decreasing filtration C of the Lie algebra g 

C 1 q = qdC 2 qD ■■■DC k S D [C k g, C l Q ] c C fe+ ' . 

One can consider the associated graded Lie algebra 

£ r c0 = 0(g r c0)fc> (g r c0)fc = CVC* + V 
fe=i 

Proposition 1.4. We have the following isomorphisms: 

gr c Li = gr c m = m . 

Remark. 

(gr c m )i = Span(e 1 ,e 2 ), (gr c m )i = Span(e i+1 ), i > 2. 

Let g = Q)a8a be a Z-graded Lie algebra and V = ©^Vg is a Z- 
graded 0-module, i.e., Q a Vp C V a+ p. Then the complex (C*(Q,V),d) 
can be equipped with the Z-grading C q ($, V) = (B^Cj-^Q, V), where 
a V- valued g-form c belongs to C^(jj, V) iff for X x G ai , . . . , X q G a<7 
we have 

c(Xi, . . . , X 9 ) G V ai+a2+ ... +Q<3+M . 
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This grading is compatible with the differential d and hence we have 
Z-grading in the cohomology: 



H<b,V) = ®Hl ) ( S ,V). 



Remark. The trivial g-module K has only one non-trivial homogeneous 
component K = Kq. 

The exterior product in A*(g) induces a structure of a bigraded al- 
gebra in the cohomology Lf*(g): 

Let g = ® a >oQa be a N-graded Lie algebra and V = (BpVp is a 
Z-graded g-module. 

One can define a decreasing filtration T of (C*(g, V),d): 

F°C*(q, V) D ■ ■ ■ D F q C*(Q, V) D F 9+1 C*(q, V)^ ... 

where the subspace JF 9 C p+,? (g, V) is spanned by p+g-forms c in 
C p+q (Q,V) such that 

c(Xi, . . . , G (J) V^, VXl, . . . , X p+ g G g. 

The filtration JF is compatible with d. 

Let us consider the corresponding spectral sequence E P ' q : 

Proposition 1.5 ( [E| , PU ) . E p { q = V q ®H p+q (Q). 
Proof. We have the following natural isomorphisms: 

C p+ *(#,V)=V®A p+9 (#*) 
<2) E™ = T q C p+q {& \/)/^ +1 C7 p+9 (g, V) = V q ® A p+q (g*). 

Now the proof follows from the formula for the d p ' q : E p ' q — > E p+1,q : 

d (v ® /) = v®df, 

where t> G V, / G A p+9 (g*) and df is the standard differential of the 
cochain complex of g with trivial coefficients. □ 

2. Cohomology if* (Li) and fL*(m ) 

Theorem 2.1 fGoncharova.|14j). TTie Leiiz numbers dimiL 3 (L 1 ) = 2, 

/or every q > 1, more precisely 



dim/L^Lj 



1, ifjfe = 3fe, 
0, otherwise. 
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We will denote in the sequel by g± the generators of the spaces 
ffj 2± (Li). The numbers 3q 2 ±q are so called Euler pentagonal num- 

2 

bers. A sum of two arbitrary pentagonal numbers is not a pentagonal 
number, hence the algebra H*{L{) has a trivial multiplication. 

Example 2.2. 1) if 1 (L 1 ) is generated by g\ = [e 1 ] and g\ = [e 2 ]; 

2) the basis of H 2 (Li) consists of two classes g 2 _ = [e 1 Ae 4 ] and g\ = 
[e 2 Ae 5 — 3e 3 Ae 4 ] of weights 5 and 7 respectively 

The cohomology algebra if* (mo) was calculated by Fialowski and 
Millionschikov in |12j . 

It were introduced two operators in [T2"] : 
1) D x : A*(e 2 ,e 3 ,...) -> A*(e 2 , e 3 , . . . ), 

J D 1 (e 2 )=0, J D 1 (e J )=e t - 1 , V* > 3, 
D 1 (£Ari) = D 1 (Z)Ari + ZAD 1 (ri), V£, 77 G A*(e 2 , e 3 , . . . ). 



2) and its right inverse _D_i : A*(e 2 , e 3 , . . . ) — > A*(e 2 , e 3 , . . . ), 
(4) 



= e i+1 , ZLifcAe*) = ^(-1)^ (£)Ae* +1+ <, 



where i > 2 and £ is an arbitrary form in A*(e 2 , . . . , e* _1 ). The sum 
in the definition (J3J) of D_i is always finite because D[ decreases the 
second grading by I. For instance, 



i-2 



1=0 



Proposition 2.3. The operators D\ and D_i have the following prop- 
erties: 

di = e l A Dx£, e 1 A £ = dD^C, D X D^ = £, £ e A*(e 2 , e 3 , . . . )• 



Theorem 2.4 ([12 ). TTie infinite dimensional bigraded cohomology 
H*(mo) = @k,qHl{mo) is spanned by the cohomology classes of e 1 , e 2 
and of the following homogeneous cocycles: 



(5) u{e h A . . . Ae iq Ae l " +1 ) = ^(-l)'Z^(e* 1 A ■ ■ • A e*) A e 1 "' 



Jq + l+l 

where q > 1, 2 < ii<i 2 <. . -<i q . 



Formula (0) determines a homogeneous closed (g+l)-form of the sec- 
ond grading ix+. . .+z g _i+2i g +l. It has only one monomial in its de- 
composition of the form ^Ae ! A e %+1 and it is e ll A . . . Ae tq Ae lq+1 . 
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The whole number of linearly indepenedent g-cocycles of the second 
grading k+ q ^ 1 ^ is equal to 

dimff^^mo) = P q (k) - P q (k-1), 

where P q (k) denotes the number of (unordered) partitions of a positive 
integer k into q parts. 

Example 2.5. 

cu(e 5 Ae 6 Ae 7 ) = e 5 Ae 6 Ae 7 - e 4 Ae 6 Ae 8 + (e 3 Ae 6 + e 4 Ae 5 )Ae 9 - 
-(e 2 Ae 6 +2e 3 Ae 5 )Ae 10 +(3e 2 Ae 5 +2e 3 Ae 4 )Ae 11 -5e 2 Ae 4 Ae 12 +5e 2 Ae 3 Ae 13 

The multiplicative structure in if* (mo) was also found in (T2I explic- 
itly. In particular 

[eV^Ae^Ae^ 1 ) = 0, [e 2 ] Au;(£Ae*Ae i+1 ) = u{e 2 A£Ae l Ae l+1 ). 

3. MASSEY PRODUCTS IN COHOMOLOGY. 

In this section we follow [15] and [3] presenting the definitions of 
Massey products. Let A = ®i>oA l be a differential graded algebra 
over a field IK. It means that the following operations are defined: an 
associative multiplication 

A : A 1 x A m -> A l+m , I, m > 0, I, n G Z. 

such that a Ab = {—l) lm b A a for a G .4/, & G *4. m , and a differential 
d, d 2 = 

d : A 1 -> / > 0, 

satisfying the Leibniz rule d(a Ab) = da Ab + (— l)'a A c?6 for a G ^4'. 

Example 3.1. ^4 = A*(g) is the cochain complex of a Lie algebra. 

For a given differential graded algebra (A,d) we denote by T n (A) a 
space of all upper triangular {n + 1) X (n + l)-matrices with entries 
from A, vanishing at the main diagonal. T n (A) has a structure of a 
differential algebra with a standard matrix multiplication, where ma- 
trix entries are multiplying as elements of A. A differential d on T n (A) 
is defined by 

(6) dA= (daij)i<ij< n+ x. 

An involution a — > a = (— l) k+1 a,a G A k of A can be extended to 
an involution of T n (A) as A = (aij)i<ij< n+ i. It satisfies the following 
properties: 

A = A, AB = -AB, JJ=-dA. 
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Also we have the generalized Leibniz rule for the differential (JHJ) 

d{AB) = (dA)B — A(dB). 
The algebra T n (A) has a two-sided center I n (A) of matrices 
/ ... r \ 

, t eA 

\0 ... J 

Definition 3.2 ( 3J). A matrix A G T n (A) is called the matrix of a 
formal connection if it satisfies the Maurer-Cartan equation 











(7) 



fx(A) = dA - A - A e I n {A). 



Proposition 3.3 ([H|). Let A be the matrix of a formal connection, 
then the entry r G A of the matrix )J,(A) G I n {A) in the definition 
is closed. 

Proof. We have the following generalized Bianci identity for the 
Maurer-Cartan operator fi(A) = d A — A - A (A is an arbitrary matrix): 



dfi(A) = fi(A) ■ A + A ■ n(A). 
Indeed it's easy to verify the following equalities: 

d fj,(A) = -d(A- A) = -dA- A + A- dA = ~dA- A + A- dA 



0(A) + A ■ A) ■ A + A(fi(A) + A-A) 



ji(A) - A-A-A-A + A-jjA + A-A-A 



ti(A)-A + A-n(A). 



□ 



Now let A be the matrix of a formal connection, then the matrix 
n{A) belongs to the center I n (A) and hence dfi(A) = 0. One can think 
of n(A) as the curvature matrix of a formal connection A. 

Let A be an upper triangular matrix from T n (A). One can rewrite 
it in the following notation: 



/ a(l,l) a(l,2) 
a(2,2) 



.4 






\ 















a(l, n — 1) 
a(2,n- 1) 



a(n 



1, n 







a(l,n) \ 
a(2, n) 

a[n — 1, n) 
a(n, n) 
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Proposition 3.4. A matrix A G T n (A) is the matrix of a formal con- 
nection if and only if the following conditions on its entries hold on 

a(i, i) = a,i G A Pl , i = 1, . . . , n; 

a(i,j)eA p( -^ +1 , p(i,j)=J2(Pr- 1 ); 
(8) r=i 

i-i 

r=i 

Proof. The system (JHJ) is just the Maurer-Cartan equation rewritten in 
terms of the entries of the matrix A and it is a part of the classical 
definition ^H] of the defining system for a Massey product. □ 

Definition 3.5 A collection of elements, A = (a(i,j)), for 1 < 

i < j < n and ^ (l,n) is said to be a defining system for the 
product (a 1; . . . , a n ) if it satisfies (JHJ). 

In this situation the (p(l,n) + 2)-dimensional cocycle 

n-l 

c(A) = a(l, r)a(r + 1, n) 

r=l 

is called the related cocycle of the defining system A. 

Remark. We saw that the notion of the defining system is equivalent to 
the notion of the formal connection. However one has to remark that 
an entry a(l, n) of the matrix A of a formal connection does not belong 
to the corresponding defining system A, it can be taken as an arbitrary 
element from A. In this event the only one (possible) nonzero entry r 
of the Maurer-Cartan matrix n(A) is equal to —c(A) + da(l,n). 

Definition 3.6 ([IS])- The n-fold product (oi, . . . , a n ) is defined if 
there is at least one defining system for it (a formal connection A 
with entries ai,...,a n at the second diagonal). If it is defined, then 
\OjI, ■ ■ ■ j CL n ) consists of all cohomology classes a G H p ( 1 ' n ^ +2 (A) for 
which there exists a defining system A (a formal connection A) such 
that c(A) (— r respectively) represents a. 

Theorem 3.7 ([16j.[5]). The operation ( ) depends only on 

the cohomology classes of the elements 

Proof. A changing of an arbitrary entry a^-, j > i of the matrix A of a 
formal connection to ay + db leads to a replacement of A by 

A' = A + db • Eij + A ■ b ■ Eij — b • E, Lj ■ A, 
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where is a scalar matrix wich has 1 on (2, j)-th place and zeroes on 
all others. For the corresponding Maurer-Cartan matrix we will have 

/i(A') = fi{A) + d{{A-b- E i3 - b ■ E i3 ■ A) n I n ). 

□ 

Definition 3.8 ([16]). A set of closed elements ai, % = 1, . . . , n from A 
representing some cohomology classes «j G H Pi (A),i — 1, . . . , n is said 
to be a defining system for the Massey n-fold product (a±, . . . , a n ) if it is 
one for (ax, . . . , a„). The Massey n-fold product (ax, ■ ■ ■ , a n ) is defined 
if (ax, ... , a n ) is defined, in which case (ax, ■ ■ ■ , a n ) = (ax, ■ ■ ■ , a n ) as 
subsets in W } ^ +2 (A). 

Example 3.9. For n = 2 the matrix A of a formal connection has 
/ a c \ 

a form A = I b \ and the matrix Maurer-Cartan equation is 
\ J 

equivalent to two equations da = and db = 0. Evidently (a, (3) = a- (3. 

Example 3.10 (Triple Massey products). Let a, f3, and 7 be the 
cohomology classes of closed elements a £ ^4 P , 6 G ^4 9 , and c G A r . 
The Maurer-Cartan equation for 

/ a f h \ 

b g 

c' 
\ J 

is equivalent to 

(9) df = (-l) p+1 a A 6, d g = {-l) q+1 b A c. 

Hence the triple Massey product (a, j3, 7) is defined if and only if 

a-/3 = /3-j = Q in 

If these conditions are satisfied then the Massey product (a, ft, 7) is 
defined as a subset in H p+q+r ^ 1 (A) of the following form 

(a, P, 7) = { [(-l) p+1 a A 5 + (-1) P+ V Ac]}. 

Since / and g are defined by (J0J) up to closed elements from ^4 P+9_1 
and A q+r ~ x respectively, the triple Massey product (a, (3, 7) is an affine 
subspace of HP +q+r -\A) parallel to a ■ H q+r -\A) + m +q - l (A) ■ 7. 

Remark. We defined Massey products as the multi-valued operations 
in general. Moreoften in the literature the triple Massey product is 
defined as a quotient-space (a, [3, 7) /(a ■ H q+r ~ l (A) + H" p+q ~ 1 (A) ■ 7) 
and it is single- valued in this case (see [IS])- 
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Definition 3.11. Let an n-fold Massey product (ax, a n ) be de- 
fined. It is called trivial if it contains the trivial cohomology class: 
G (a x , . . .,«„}. 

Proposition 3.12. Let a Massey product (ax, ■ ■ ■ , a n ) is defined. Then 
all Massey products (ai, . . . , a q ), l<l<q<n,q — l<n — \ are defined 
and trivial. 

Proof. It follows from (jSJ). □ 

Remark. The triviality of all Massey products (ai, . . . , a q ), 1 < I < q < 
n, q — I < n — 1 is only a necessary condition for a Massey product 
(ax, • • • , a n ) to be defined. It is sufficient only in the case n = 3. 

Let us denote by GT n (K) a group of non-degenerate upper triangular 
(n+1, n+l)-matrices of the form: 



C = 



( 


0*1,1 


ax,2 ■ ■ 




Ol, n +l 


\ 







^2,2 • • 


0>2,n 


«2,n+l 









.. 


On,n 


a n,n+l 




{ 





.. 


. 


a n+l,n+l 


/ 



Proposition 3.13. Let A e T n (A) be the matrix of a formal con- 
nection and C an arbitrary matrix from GT n (K). Then the matrix 
C~ X AC G T n (A) and satisfies the Maurer-Cartan equation, i.e. is 
again the matrix of a formal connection. 

Proof. 

d^C- 1 AC) - C- l AC A C~ l AC = C- 1 (dA-AAA)C = 0. 

□ 

Example 3.14. Let A G ^(^4) be the matrix of a formal connection 
(defining system) for a Massey product (ax, ■ ■ ■ ,«„). Then a matrix 
C~ l AC with 





1 


. 








\ 







Xx ■ 















. 


Xx- ■ -X n —X 







V 





. 


Xx. 


■•^n—l-^n 


J 



is a defining system for (xxax, • • • , x n a n ) — Xx ■ ■ ■ x n (xxax, • • • , x n a n ). 

Definition 3.15. Two matrices A and A' of formal connections from 
T n (A) are equivalent if there exists a matrix C G GL(n+l, K) such 
that 

A' = C- X AC. 
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Example 3.16. Triple products (a, (3, 7) and (xa, y/3, zj), where 
x,y, z 7^ 0, are equivalent with 

/ 1 \ 

0x0 
xy 
y xyz J 

and 

(xa,yP,zj) = xyz(a,P,rf), x,y,zeK. 

Remark. Following the original Massey work J§| some higher order 
cohomological operations that we call now Massey products were in- 
troduced in the 60s in ^B] and ^3]- The relation between Massey 
products and the Maurer-Cartan equation was first noticed by May 
[T5] and this analogy was not developed untill 

In the present article we deal only with Massey products of non- 
trivial cohomology classes. It is possible to take some of them trivial, 
but in this situation is more natural to work with so-called matrix 
Massey products that were first introduced by May [T3] . This approach 
was also developped in [3]. We will not treat this case in the sequel. 

4. Massey products and thread modules 

Let T n (K) be a Lie algebra of upper triangular (n+ 1, n + l)-matrices 
over a field IK of zero characteristic and p : g — > T n (K) be a represen- 
tation of a Lie algebra g. 

Example 4.1. We take n = 1 and consider a linear map 

/ a(x) \ 
p:xeg^^ Q Q J. 

It is evident that p is a Lie algebra homomorphism if and only if the 
linear form a G g* is closed 

da(x,y) = a([x,y]) = a(x)a(y) — a(y)a(x) = 0, Wx,y G g. 

In other words the matrix A = ° ^ satisfies the "strong" 

Maurer-Cartan equation dA — A A A = 0. 

Remark. We recall that we defined in the Section El the involution of a 
graded A as a = (— l) k+1 a, a G A k . Thus for a matrix A with entries 
from q* we have A = A. One has to remark that a differs by the sign 
from the definition of a in JH] , however in one meets our sign rule. 
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Proposition 4.2. A matrix A with entries from g* defines a represen- 
tation p : g — ► T n (K) if and only if A satisfies the strong Maurer-Cartan 
equation 

dA — A A A = 0. 

Proof. 

(dA - A A A)(x, y) = A([x, y]) - [A(x), A(y)\ , Va;, y G g. 

□ 

Example 4.3. For n = 2 the matrix A of a representation p has a form 
/ a c \ 

A — I b I , where a, 6, c G g* and the strong Maurer-Cartan 
\ / 

equation is equivalent to the following equations on entries a, b, c: 

da — 0, db = 0, dc = a A b. 

The Lie algebra T n (K) has a one-dimensional center J n (K) spanned 
by the matrix 



/o .. 


. 


1 \ 


.. 


. 





v° - 


. 


) 



One can consider an one-dimensional central extension 

► X = 7 n (K) > T„(K) T„(K) ► 0. 

Proposition 4.4 (PHI, 0)- Fixing a Lie algebra homomorphism (p : 
q — > T n (K) zs equivalent to fixing a defining system A with elements 
from q* = A 1 (g) . T/ie related cocycle c(A) is cohomologious to zero if 
and only if (p can be lifted to a homomorphism (p : g — > T n (K), (p = n<p. 

Taking a (n+1) -dimensional linear space V over K and a represen- 
tation ip : g — > T n (X) one gets a g-module structure of V defined in 
the coordinates x = (xi, . . . , x n+ \) with respect to some fixed basis 
v 1 , . . .,v n+1 of V 

gv = <p(g)x, g G g, v G V. 
We recall the standard definition from the representations theory. 

Definition 4.5. Two representations ip : g — > T„(K) and ip' : Q — > 
T n (K) are called isomorphic (equivalent) if there exist two bases 
t>i, ...,v n+ i and in a (n+l)-dimensional linear space V 

such that the corresponding g-module structures coinside p(g)v = 
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p'(g)v. Or in other words, if there exists a matrix C G GL(n+l,K) 
such that 

iff is) = C-Mg)C, Wg G g. 

It is evident that this definition is equivalent to the Definition 13.151 
when we consider a Massey product (u\, . . . , ui n ) of 1-cohomology 
classes U\, . . . , ui n . 

Proposition 4.6. 

Proof. An inclusion [gr c g, gr c g] C ®i>2(g^cd)i is evident for the graded 
Lie algebra gr^g = ©j>i(gr c -g)j. Hence it is sufficient to prove an 
inclusion (gr c g) i C [gr c g, gr^g] for an arbitrary i > 2. The last one in 
its turn follows from 

(gr c g), = [g, C^g] + C" +1 g = [q+C 2 q, C^g+C'g]. 

□ 

Corollary 4.7. We have isomorphisms 

H\g) = (g/[g,g])* = (gr c g)t = H\ff c g). 

Definition 4.8. A homomorphism p : g — > i) of two N-graded Lie 
algebras g = (BiQi and f) = (Bifyi is called graded if 

p(Qi) C fj<, Vi G N. 

Definition 4.9. Let p : g — ► T n (K) be a representation. We call a 
representation of graded Lie algebras p : gr c g — > gr c T n (K), defined by 
the rule 

p(x+C k+1 g) = p(x)+C k+1 T n (K), x+C k+1 g G C k g/C k+1 g, k > 1, 
an associated graded representation to p. 

Remark. Let p : g — >• T n (K) be some representation of a Lie algebra g 
such as g = gr c g. It is not hard to describe the corresponding matrix 
A of a formal connection: 

1) the first diagonal is of zeroes (like all matrices from T n (K)); 

2) the second one contains only elements from g* of degree one; 

3) the fc-th diagonal consists only of elements of degree k - 

Example 4.10. We take n = 3 and a homomorphism p : mo 
is defined by 

/ 1 \ / 1 \ 



1. 



T 3 (K) 



10 
1 
\ J 



p(e 2 ) 



1 

\ J 
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On can to define p only on e\ and e 2 because the algebra mo is generated 
by these two elements. 

The corresponding matrix A of a formal connection is equal to 



A = 



/o 


e 2 


-e 3 


e^ + e 1 


\ 








e 1 


e 2 













e 1 




v° 











/ 



For the associated graded representation p : m — > T 3 (K) we have 

/ e 2 -e 3 e 4 \ 

7 _ e 1 

e 1 • 

\ J 

We recall that elements e 1 and e 2 have grading one, e 3 and e 4 have 
gradings 2 and 3 in A* (trio) — ^*(g r c m o) respectively. 

Identifying the spaces and if 1 (gr c g) we come to the following 

proposition: 

Proposition 4.11. Let a Massey product (cui, u>2, ■ ■ ■, u n ) be defined 
and trivial in H 2 (g) for some 1-cohomology classes Ui G H x {g) of a Lie 
algebra q. Then (u>i, u>2, ■ ■ •, oj n ) is also defined and trivial in H 2 (gr c g). 

Proposition 4.12. Let g be a Lie algebra such that g = gr c g and a 
Massey product (cui, cu 2 , ■ ■ ■, u n ) be defined and trivial for some Ui G 
H 1 (g). Then there exists a graded defining system A (the matrix A of 
a graded formal connection) for (ui, 002, ■ ■ -,ou n ). 

Definition 4.13. A thread module over a N-graded Lie algebra g = 
©i0j is a N-graded g-module V = (BienVi such as 

dim^ = 1, SiVj C V i+j , Vi, j e N. 

Fixing a basis {fj}, j — 1, . . . , n+1, in a (n + l)-dimensional thread 
module V = (B™=lVj, such that fj G Vj, gives us a representation of g 
by lower triangular matrices. Taking the dual module V* 

(p*(g)f) (v) = f(p(g)v) 

with a basis / J G V* , j = l,...,n+l we will get a representation 
p* : g — > T n (K) by upper triagular matrices. 

Or one can change the ordering of the basis of V considering a new 
basis v[ = v n+1 , v' n+1 = v x . 

Proposition 4.14. Let a Massey product (cui, u>2, ■ ■ ■, & n ) be defined 
and trivial in H 2 (g) for some 1-cohomology classes Ui G H 1 ^) of a 
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Lie algebra g. Then (xiui, X2UJ2, ■ ■ ■, x n uj n ) is also defined and trivial 
for any choice of non-zero constants X\, x 2 , ■ ■ ., x n . 



5. Massey products in if* (Li) and ff*(m ) 

We recall that the algebra H*{L{) has a trivial multiplication. Buch- 
staber conjectured that the algebra H*(Li) is generated with respect 
to the Massey products by H l (Li), moreover all corresponding Massey 
products can be chosen non-trivial. The first part of Buchstaber's con- 
jecture was proved by Feigin, Fuchs and Retakh jlOj . 

Theorem 5.1 Q10J). For any q > 2 

2q-l 3q-l 

The second part of the Buchstaber conjecture was not treated in [TO] , 
moreover it follows from the Proposition 13.121 that the 2g-fold Massey 
product e 1 , . . . , e 1 ) from the Theorem 15 .11 is trivial. Triviality or 

25-1 

non-triviality of the 3g-fold Massey products from the Theorem 15.11 is 
even less clear and have not been studied yet. 

In 2000 Buchstaber's PhD-student Artel'nykh considered the sec- 
ond part of the Buchstaber conjecture. In particular he claimed the 
following theorem. 

Theorem 5.2 ([I]). There are non-trivial Massey products 
gi E K(eW,3r V>,9 > 2, 9+ l+l e K(^_^£, g 2 ^) , I > 1. 

q-l 31+1 

One can see that the cohomology classes g+ were not represented 
by means of non-trivial Massey products. On the another hand Ar- 
tel'nykh's article contain only a brief sketch of the proof. Hence the 
second part of Buchstaber's conjecture is still open. 

We have mentioned that the Massey products in H*(g) and H*(gn: c Q) 
are closely related. Recall that gr c Li = m . We came to the problem of 
description of Massey products in the cohomology if* (mo). The special 
question is the description of equivalency classes of trivial Massey prod- 
ucts (u>i, . . . , u n ) of 1-cohomology classes u>i, . . . , u n . The purpose of 
this interest is to consider Massey products of the form (ui, . . . , u n , 
where Q is an element from H*(q). 



MASSEY PRODUCTS IN LIE ALGEBRA COHOMOLOGY 



17 



An infinite dimensional space H 2 (mo) is spanned by the cohomology 
classes of following 2-cocycles [T2| 

(10) w(e 2 Ae 3 ) = e 2 Ae 3 , w(e 3 Ae 4 ) = e 3 Ae 4 - e 2 Ae 5 , 
cj( e 4 Ae 5 ) = e 4 Ae 5 - e 3 Ae 6 + e 2 Ae 7 , 



fc-2 



w(e fe Ae fe+1 ) = ^(-l)'e 



l " k ~ l Ae k+1+l 



1=0 



All of the cocycles (fTUj) can be represented as Massey products. 
Namely let consider the following matrix of a formal connection 



.4 



/ 





e 2 


-e 3 











\ 








e 1 










e k+l 













e 1 







e k 




















e 1 ' 


e' 3 























e 2 




V 






















/ 



For the related cocycle c(A) we have 

fc+i 

c(A) = Ae 



fc+3-Z 



2cj(e fc Ae 



«=2 



Thus we have proved the following 
Proposition 5.3. 

2u;(e*Ae fc+1 ) G (e 2 , e 1 , . . . , e\ e 2 ), > 2. 

2fc-3 

Example 5.4. We take k = 2 and the matrix A of a formal connection 
that corresponds to (e 2 ,e 4 ,e 2 ) 

.2 _^3 o \ 



.4 



/ c 









7 



The related cocycle c(A) is equal to 

c(A) = 2e 2 Ae 3 = 2w(e 2 Ae 3 ). 

The space iJ 1 (mo) is spanned by e 1 and e 2 and hence every n-fold 
Massey product of elements from iJ 1 (mo) has a form 

(a^ 1 + f3 x e 2 , a 2 e l + (3 2 e 2 } . . . , a n e x + /?„e 2 ) . 
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.4 



71 = - «2/?l, 72 = "2^3 - «3^2, 



A product e 1 Ae 2 = cfe 3 is cohomologicaly trivial, hence a triple product 

(ujx, u 2 , co 3 ) = (aie 1 + fixe 2 , a 2 e 1 + (3 2 e 2 , a 3 e x + fi 3 e 2 ) 

is denned for any choice of constants ai, Pi G K, % — 1, 2, 3. 

/ u x 7ie 3 \ 

uj 2 72e 3 



\ / 

The related cocycle c(A) = 7 2 u; 1 Ae 3 — 7 1 a;3Ae 3 is trivial if and only if 

(11) Pi(a 2 fo - a 3 p 2 ) - p 3 {a x p 2 - aM = 0. 

We have mentioned above that if n-fold Massey product (cux, cu 2 , . . ., u n ) 
is defined than all (p + l)-fold Massey products (u>i, . . . , u i+p ) for 
1 < i < n — 1, 1 < p < n — 2, i +p < n are defined and trivial. 

Theorem 5.5. Up to an equivalence the following trivial n-fold Massey 
products of non-zero cohomology classes from ff 1 (mo) are defined: 



name 


Massey product 


parameters 


A n + 1 


(ae 1 +pe 2 , ae 1 +pe 2 , . . . , ae 1 +f3e 2 ) 


n > 3, \ = (a,P)e KP 1 


v ' 

n 


r>n+l 


(X^+e 2 , X^+e 2 , . . ., X n e l +e 2 ) 

" v ' 

n 


n > 3, Xi = ia+P, 




(e 1 , . . ., e 1 , e 2 +ae 1 , e , . . . , e ) 

l n-l-l 


a G K, n > 3, 
< I < n-1 


n 2fc+3 

ct,/3 


(e 2 + ae\e\ . . . ,e 1 ,e 2 + fie 1 } 

2k 


k>l, a, (3 G K 



Proof. The statement of the present theorem is equivalent to Benoist's 
classification [4j of indecomposable thread modules over mo (mo is 
graded as gr c m = m ). More pricesly we consider a finite-dimensional 
mo-module V with a basis v%, . . . , i> n +i such that 

em = aiVi-i, e 2 Vi = PiVi-i, % = 1, . . . , n + 1. 

in the last formula we assume that vq = 0. It is sufficient to define 
only an action of e\ and e 2 on V because the algebra mo is generated 
by them. 

Taking the corresponding matrix A of this representation with re- 
spect to the basis Vi,...,v n+ i we see that it has elements u>i = 
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ate 1 + (3iC 2 at its second diagonal. One can regard A as a defining 
system of the Massey product (a>i, . . . , oo n ),LUi = a i e 1 +j3 i e 2 . Obviously 

n 

V is decomposable as a direct sum of thread modules iff t\V j = e 2 fj = 
for some i, 1 < i < n+1. The last condition means that tu, = at the 
second diagonal of the matrix A. 

We will prove this theorem by induction and start with triple prod- 
ucts. First of all let consider the case when all fii ^ 0, i — 1, 2, 3. Taking 
an equivalent defining system one can asume that $ = 1, i — 1, 2, 3. In 
terms of representations it means that one can choose a base v i, . . . , V4 
of V such as 

e 2 Vi = v i _ 1 , i = l,..., 4. 
The equation (JTTj) in our case looks in a following way 

2a 2 — oti — «3 = 0, 

and it means that the numbers 01,02,03 form an arithmetic progres- 
sion and we have either a type B\ » or A\ with A = (a, 1). We keep 
Benoist's notations of types of thread modules from jJJ. 

The equation (fTTj) implies that if one constant from j3i, /3 2 , P3 is equal 
to zero, then at least another one /2j is trivial also. 

The case when fli = j3 2 = P3 = is equivalent to (e 1 ,e 1 ,e 1 ), i.e. to 
the type A\ from the table above. The remaining three possibilities 
are Cf >a , 1 = 0,1, 2. 

Let a n-fold product (ui, . . . , uj n ) be defined and trivial then (n — 1)- 
fold product (ui, . . . , u n -i) is also trivial and by our inductive assump- 
tion is equivalent to some case from the table above. 

The triple Massey product (w n _2, w n -i, w n ) is trivial in its turn and 
one can write out the equation (fTT|) for all classes (u>i, . . . , u) n -i)'- 



(uji, . . . , U n -i) 


equation (fTT]) for (tu n _2, u) n -i, ui n ) 


(ui, . . . ,u n ) 


Al, \ = {a,(3) 


a(3(3 n = (3 2 a n 


An+1 
A \ 1 °n-l,p 


rjn 


(an + 0)(3 n = a n 






= 0, I < n-2; 
2(3 n = 0, 1 = n-2; 
—(3 n = 0, I = n—l. 


? 


p,2k+3 

at,P 


-Pn=0 


? 
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Lemma 5.6. The following Massey products 
(e 2 + ae 1 , e 1 , . . . , e 1 , e 2 + /3e\ e 1 ), (e 1 , e 2 + ae 1 , e 1 , . . . , e 1 , e 2 + /3e 4 ) 

2fc 2fc 

are defined and non-trivial. 

Proof. In order to symplify the notations we are going to consider only 
the first Massey product with k — 1, the general case can be treated 
analogously. We will write only non-trivial entries of the defining sys- 
tem A (so-called the Massey triangle) 

e 2 +ae 1 -e 3 + . . . e 4 + . . . (a-[3)e 5 + . . . 

e 1 + ... ... -3e 5 +... 

e 1 e 3 +... -2e 4 +... 

e 2 +(3e 1 -e 3 + . . . 

e 1 

The related cocycle c(A) is equal to 

c(A) = 3e 3 Ae 4 - 3e 2 Ae 5 + • • • = 3cu(e 3 Ae 4 ) + . . . , 

where dots stand everywhere instead of summands of lower gradings. 

□ 

Hence one can coclude that a trivial Massey product of type D is 
not extendable to a higher fold trivial Massey product. The same 
arguments show that C™ a is extended only to CJ 1 ^ 1 if / > and we 
have two possibilities in the case Cq^ +1 . They are C^ 2 and T) k a fi 
respectively. □ 

Theorem 5.7. The cohomology algebra H*(m ) is generated with re- 
spect to the non-trivial Massey products by if 1 (mo), namely 

(12) 

uj{e 2 Ae l2 A. . .Ae l "Ae % " +1 ) = e 2 Auj{e t2 A. . .Ae l "Ae l " +1 ), 
2oo(e k Ae k+1 ) G (e 2 , e\ . . . , e\ e 2 ), 

(-l) il w(e il Ae i2 A. . .Ae^Ae^ +1 ) G (e 2 , e 1 , . . . , e 1 , w(e <2 A. . .Ae^Ae^ 1 )), 

ii-2 

Proof. First of all we present a graded defining system (a graded formal 
connection) A for a Massey product (e 2 , e 1 , . . . , e 1 , cu(e i2 A. . .Ae* g Ae* g+1 )). 
To symplify the formulas we will write uj instead of ujie 12 A. . .Ae lq Ae lq+1 ). 

One can verify that the following matrix A with non-zero entries at 
the second diagonal, first line and first row gives us an answer. 
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A 



( 


e 2 


-e 3 


e 4 .. 


. (-l)* 1 ^ 1 





\ 








e 1 


.. 


















e 1 .. 


















.. 


'. e 1 















.. 









v° 








.. 








/ 



The proof follows from 

d{D k _ x u) = e 1 ADil 1 u, d((-l) k e k ) = {-l) k ~ l e k ~ l Ae l . 
The related cocycle c(A) is equal to 

il ii— 2 

c(A) = J2(-l) l e l A D^ l u = (-l) h J2(-l) k D k e h A D\u 



l>2 k>0 
2 „1 , ,C„4 A „5N 



Example 5.8. We take (e 2 , e\ u;(e 4 Ae 5 )). 

.2 ,3 o 



/Or- -( 



\ 



e 1 £>_iw(e 4 Ae 5 ) 
w(e 4 Ae 5 ) 

\ o o o o y 

One can verify the computations of its related cocycle c(A) 

(13) c(A) = e 2 A D_ 1 cj(e 4 Ae 5 ) — e 3 A cj(e 4 Ae 5 ) = 
= e 2 A (e 4 Ae 6 - 2e 3 Ae 7 + 3e 2 Ae 8 ) — e 3 A (e 4 Ae 5 - e 3 Ae 6 + e 2 Ae 7 ) = 
= -e 3 Ae 4 Ae 5 + e 2 Ae 4 Ae 6 - e 2 Ae 3 Ae 7 = -cj(e 3 Ae 4 Ae 5 ). 

Lemma 5.9. 

^(-l) k D k e 11 A D^uj = Lo{e ll Ae l2 A. . .Ae^Ae*** 1 ) 

k>0 

Proof. This lemma is almost evident. Both parts of the equality 
are closed forms. One has to compare the monomials of the form 
e jl Ae j2 A. . .Ae jq Ae jq+1 in the decompositions of the left-hand and right- 
hand sides. The operator D_ x strictly increases the difference between 
two last superscripts of monomials 

LU(e J1 Ae J2 A. . .Ae j " Ae j " +1 ) = ^(-lf D k (e h Ae j2 A. . .Ae^AL^jV^ 1 . 

k>0 

Hence there is the only one monomial of the form we are looking for 
on the left-hand side and the same one on the right-hand side and it is 
e h Ae i2 A. . .Ae^Ae^ 1 . □ 
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Lemma 5.10. Let A be an arbitrary defining system (the matrix of a 
formal connection) for (e 2 , e 1 , . . . , e 1 , u(e l2 A. . .Ae lq Ae lq+1 )) . Then its 
related cocycle c(A) is equal to 

(-l) h uj(e h A. . .Ae iq Ae iq+1 ) + X h,-,iM eh ^ ■ Ae jq+1 )+e l AVl, 

for some constants \j lt ...,j q and g-form Q. 

Proof. We will rewrite our defining system A in the form of a Massey 
triangle of the defining system A. 

e 2 -e 3 +p\ e 4 +p 2 ... (-l^e^+pj 1-2 

e 1 pi ... ... Z^fW • .+^-2 

U) 

Qi are some closed g-forms. 1-forms p\, . . . ,p\_ 2 standing at the sec- 
ond diagonal are also closed and therefore they are linear combinations 
of e 1 and e 2 . Continue this procedure and using the Maurer-Cartan 
equation and an inductive assumption it is easy to see that p k is a lin- 
ear combination of e 1 , . . . , e l+1 . Hence the maximal value of superscript 
that we can meet at the first line of our triangle is %\. Thus one can con- 
clude that we have the only one monomial of the form e n A. . .Ae J Ae J+1 , 
i\< . . . <j in the decompostion of the related cocycle c(A). It comes 
from the summand (— I) 11 (e %1 + p^~ 2 ) Auj in the formula of c(A) and it 
is (-l) il e <l A. . .Ae^Ae ia+1 . □ 

The Lemma 15.101 provides us with a proof of non-triviality of the 
Massey products (e 2 , e 1 , . . . , e 1 , u(e l2 A. . .Ae tq Ae %q+1 )) . The proof in the 
case (e 2 , e 1 , . . . , e 1 , e 2 ) can be obtained by the same arguments. □ 
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